Abstract. Let (X, B, µ, T ) be a dynamical system and (Y, A, ν, S) be a factor. We investigate the relative sequence entropy of a partition of X via the maximal compact extension of (Y, A, ν, S). We define relative sequence entropy pairs and using them, we find the relative topological µ-Kronecker factor over (Y, ν) which is the maximal topological factor having relative discrete spectrum over (Y, ν). We also describe the topological Kronecker factor which is the maximal factor having discrete spectrum for any invariant measure.
Introduction
A topological flow is a pair (X, T ) where X is a compact metric space and T is a homeomorphism of X to itself. A topological factor of the flow is a pair (Y, S) where there exists a map π : (X, T ) → (Y, S) which is continuous, onto, and satisfies the intertwining relation π • T = S • π. We have the corresponding definitions in measure theoretic dynamical systems. Let (X, B, µ, T ) be a measure preserving dynamical system. If there exists a measure preserving map φ : (X, B, µ) → (Y, A, ν) which satisfies the intertwining relation φ • T = S • φ, then (Y, A, ν, S) is called a factor of (X, B, µ, T ).
In the metric theory of dynamical system, i.e., measure theoretical dynamical system, it is well known that there exists the largest measure theoretical dynamical system (Z, C, η, F ) between (X, B, µ, T ) and ( 
Y, A, ν, S) which satisfies h(Z, F ) = h(Y, S).
That is, any factor of (X, B, µ, T ) which is an extension of (Y, A, ν, S) having the same entropy with (Y, S) is a factor of (Z, C, η, F ). We call (Z, C, η, F ) the relative Pinsker factor of (X, B, µ, T ) with respect to (Y, A, ν, S). In general, the relative Pinsker factor does not have good topological structures. There have been attempts to extend the measure theoretic dynamical properties to topological dynamics. For example, the notion of entropy pairs was introduced to find topological property corresponding to Kmixing which implies mixing of all orders ( [2, 3, 9, 10] ). Recall that a pair of points (x, x ) ∈ X 2 is called an entropy pair if any standard cover distinguishing x and x has positive entropy ( [2] ). The topological Pinsker factor is defined via the entropy pairs.
Furstenberg and Zimmer's structure theorem says that if (Y, A, ν, S) is a measure theoretic factor of (X, B, µ, T ), then there exists the maximal relative Kronecker factor (Z, C, η, F ) of (X, B, µ, T ) which is an extension of (Y, A, ν, S). Namely, if (Z , C , η , F ) has discrete spectrum relative to (Y, A, ν, S), then (Z, C, η, F ) is an extension of (Z , C , η , F ). We also call this maximal relative Kronecker factor as maximal compact extension of (Y, A, ν, S). The maximal relative Kronecker factor does not have good topological structures as in the case of the relative Pinsker factor. For a given measure µ on X, we find the maximal topological factor having relative discrete spectrum over (Y, ν). We call it the relative topological µ-Kronecker factor over (Y, ν). We will also find the topological Kronecker factor which is independent of its invariant measures and different from the maximal null factor.
Sequence entropy and weakly mixing
Let (X, B, µ, T ) be an invertible measure theoretic dynamical system on a standard Borel space and let (Y, A, ν, S) be a factor. We denote the fiber measures by {µ y } y∈Y . We recall the definition of conditional entropy. Given a partition ξ , let
where H y (·) denotes the entropy with respect to the fiber measure µ y . Note that H A (ξ) = H(ξ|A).
We also define H A (ξ|β) the conditional entropy relative to a finite partition β as
where H y (·|β) denotes the conditional entropy with respect to µ y . When D is a sub σ-algebra, then H A (ξ|D) is similarly defined.
Let Γ = {t n } ∞ n=1 be an increasing sequence of natural numbers. Recall that Γ-entropy of T relative to A is defined as follows. Let ξ be a finite partition of X. then
and h
where the supremum is taken over all finite partitions. If A is trivial then h Γ A (T ) is just the usual sequence entropy. If Γ = {n} and T is a skew product with base (Y, S), then h Γ A (T ) corresponds to Abramov's and Rokhlin's mixed entropy ( [8] ).
Recall that T is ergodic relative to a sub σ-algebra C if all T -invariant functions are C-measurable. We say that T has discrete spectrum relative to A if (X, T ) is a compact extension of (Y, S) and T is weakly mixing relative to A if one of the followings holds.
(
where E(·|A) is the conditional expectation operator with respect to A. We will denote the maximal relative Kronecker factor of (X, B, µ, T ) with respect to a factor (Y, A, ν, S) by (X, K (Y,µ) , µ, T ). If there is no confusion, we simply denote it by (X, K, µ, T ).
The following theorems are well known ( [8] 
where
and
The following two lemmas are the relativized versions of Lemma 2.2 and Theorem 2.3 in [7] .
Lemma 1. Let (X, B, µ, T ) be a measure theoretic dynamical system and A be a T -invariant sub σ-algebra of B. For any finite measurable partition α of X and any increasing sequence of natural numbers
where in the third equality we use
Since k is arbitrary, the proof is complete. 
Proof. In this proof, we briefly denote
We will first show that for an > 0, there exists an integer m such that
Since we have
we may assume that there exists a subset S of N with density 1, such that
By Jensen's inequality, we deduce that for each y,
Thus we have lim inf
Now we can choose an increasing sequence of natural numbers Γ = {0 ≤
By the previous two lemmas, it is easy to obtain the following theorem. ,µ) ).
Relative sequence entropy pairs and topological relative µ-Kronecker factor
The topological Pinsker factor which is the maximal factor of zero topological entropy, was defined via topological entropy pairs ( [2] ). That is, it is the largest factor without topological entropy pairs. It is shown that there exists a measure µ so that the set of µ-entropy pairs is the set of topological entropy pairs ( [1] ). It is clear that the topological Pinsker factor is the maximal topological factor which has measure theoretic entropy zero for any invariant measures ( [1, 9, 10] ).
Denote by A the smallest closed T ×T -invariant equivalence relation containing A. It is well known that there is a one to one correspondence between topological factors of a topological dynamical system (X, T ) and the closed T × T -invariant equivalence relations on X × X( [2] ).
Let SE(X, T ) be the set of topological sequence entropy pairs. Recall that a null factor is a factor which has no topological sequence entropy pairs, and it is a factor of X/ SE(X, T ) which is the maximal null factor. We define the topological Kronecker factor as the largest topological factor which has discrete spectrum for any invariant measure ( [6] ). We will see in Theorem 6 that the topological Kronecker factor is different from the maximal null factor.
Let (X, T ) be a topological flow and π : (X, T ) → (Y, S) a factor map. Unlike the relative equicontinuous factor, we could not yet define the relative null factor, because there is no clear notion of relative topological entropy. For a given T -invariant measure µ, we define the relative topological µ-Kronecker factor which has relative discrete spectrum with respect to given factor (Y, ν). Using these factors, we will describe the relative topological Kronecker factor which is the largest topological factor having relative discrete spectrum over (Y, S) for any invariant measure. Definition 1. Let (X, T ) be a topological flow and π : (X, T ) → (Y, S) a factor map. Given a T invariant probability measure µ on (X, B), a pair (x, y) ∈ X × X, x = y is called a relative sequence entropy pair for µ with respect to the factor (Y, A) if for any Borel partition F = {F, F c } of X with x ∈ Int(F ) and y ∈ Int(F c ), there exist an increasing sequence Γ such that h Γ A (T, F) > 0. This is equivalent to saying that H A (F|K (Y,µ) ) > 0 by Theorem 3, i.e., F is not measurable in the relative Kronecker factor K (Y,µ) . We denote the set of relative sequence entropy pairs by SE (Y,µ) .
When it is clear, we denote (X, K (Y,µ) , µ) by (Z, m).
the relatively independent joining of µ over m. Finally let Λ µ be the topological support of λ µ .
Proof. We follow the idea of Glasner in describing entropy pairs ([5]). Suppose (x, y) /
∈ SE (Y,µ) ∪ ∆, then there exist a Borel partition F = {F, F c } of X with x ∈ Int(F ) and y ∈Int(F c ) and such that H A (F|K) = 0. This implies that F is K-measurable. Hence
Thus (x, y) / ∈ Λ µ . Conversely, suppose (x, y) / ∈ Λ µ ∪ ∆. Then there exist disjoint open neighborhoods A and B of x and y respectively with
Now by the property of conditional expectation operator, this implies the existence of a Borel subset F of X such that A ⊂ F, B ⊂ F c and F is in K. Thus (x, y) / ∈ SE (Y,µ) . Hence the proof is complete.
Let R µ be the T ×T -invariant equivalence relation generated by topological support Λ µ , i.e., R µ = Λ µ .
Theorem 5. If W is a topological factor of X containing Y which has relative discrete spectrum over Y then it is a topological factor of X/R µ . That is, X/R µ is the largest topological factor having relative discrete spectrum over (Y, ν).
It is easy to see that P π (Y,µ) = R µ . Take a topological factor π : X → W with W having relative discrete spectrum over Y . Since K (Y,µ) is the maximal measure theoretical relative Kronecker factor, P π (Y,µ) ⊂ P π (mod λ) µ . Hence R µ ⊂ P π , which means that W is a topological factor of X/R µ . Definition 2. Let (X, B, µ, T ) be a measure theoretic dynamical system and (Y, A, ν, S) be a factor. We will call X/R µ the relative topological µ-Kronecker factor over (Y, ν).
Let M T (X) be the set of T -invariant measures on X. By the previous theorems, it is immediate to get the following corollary. 
The relative topological Kronecker factor over (Y, S) has the form X/R where R is the closed invariant equivalence relation generated by
Recall that for a dynamical system (X, T ), (
The set of weakly mixing pairs is denoted by W M (X, T ). It is well known that the maximal equicontiuous factor of a flow (X, T ) has the form X/ W M (X, T ) ( [6] ).
Consider a Anzai skew product transformation
where α is irrational. Let (Y, S) be a factor of (X, T ) which is restricted to the first coordinate. The topological Kronecker factor is (Y, S) and the relative topological Kronecker factor over (Y, S) is (X, T ). This example has the property that the topological Kronecker factor is the same with the maximal equicontinuous factor. However we have the following theorem. Proof. Since measure theoretical sequence entropy pairs is a subset of topological sequence entropy pairs, the first factor relation follows by Theorems 4 and Corollary 1 ( [7] ). The second factor relation follows from the fact that the set of topological sequence entropy pairs is a subset of the set of weakly mixing pairs.
Since there exists a uniquely ergodic model which has discrete spectrum with non empty topological sequence entropy pairs ( [5] ), it is clear that the topological Kronecker factor is not the same with the maximal null factor. There are substitutions which make shift spaces without topological sequence entropy pairs ( [5] ). Since every shift space has weakly mixing pairs, Y 3 can be a proper factor of Y 2 .
Remark 1. Although we do not have the complete generalization of the above theorem to the relative case, it is not hard to see that the relative equicontinuous factor is a factor of the relative topological Kronecker factor.
For a T -invariant measure µ, let S(µ) be the topological support of µ and 
Proof.
(1) As in the case of Y consisting of a single point, it is known that the relative Kronecker factor of a relative product is the relative product of the relative Kronecker factor ( [4] ), that is,
By the above remark, the disintegration of
This proves the first statement.
(2) Now (1) implies
Hence the proof is completed.
In the case of a product space, we have the following.
Corollary 2. Let Y be the one-point flow then we have
Now we investigate the relative topological µ 1 × ν µ 2 -Kronecker factor of X = X 1 × Y X 2 . Let A ⊂ X 1 × X 1 and B ⊂ X 2 × X 2 be nonempty subsets containing diagonals. It is easy to see that A × B = A × B ( [10] ). The following is an immediate consequence of the above theorem. 
